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Abstract
We point out that the one-loop amplitude of the h0 → γγ decay is gauge invariant
owing to a particular relation between the trilinear couplings and the Higgs boson
mass. This relation follows only from the gauge symmetry breaking pattern realized
by the potential of the scalar fields and not on its specific form. This allows to
justify the seemingly inconsistent calculation of the h0 → γγ amplitude in the
minimal supersymmetric model (MSSM) in which one takes the mass of the lighter
Higgs boson from e.g. the one-loop effective potential.
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The decay into two photons was one of the most important channels in which
a spin 0 particle of mass around 125 GeV was discovered at the LHC one year
ago [1]. While the measured decay rates and other characteristics of the discovered
particle agree well with the properties of the Higgs boson predicted by the minimal
version of the standard theory, the Standard Model (SM), they do not preclude
the possibility that it is the first discovered particle of an extended Higgs sector
consisting of more spin 0 states, like e.g. that of the two-doublet models or of
the minimal supersymmetric model (MSSM). Despite the lack of any specific signal
which would favour the supersymmetric interpretation, the latter possibility still
appears attractive to many, because of the hierarchy problem.
Yet the calculation of the h0 → γγ amplitude in the MSSM, unlike the seemingly
analogous calculation within the SM or two-doublet models, has a subtle point which
is usually overlooked, because, assuming gauge invariance from the beginning, one
usually computes only one of the relevant formfactors, without checking the others.
In this note we give a simple formula for theW± bosons contribution to the h0 → γγ
amplitude valid for any scalar sector breaking the SU(2)L×U(1)Y symmetry down
to U(1)EM and using it we give a justification of the standard way of calculating the
MSSM prediction for the h0 → γγ rate.
The general form of the h0γγ vertex is
− iAµν = −i e
2
16π2
(F1g
µν + F2s
µsν + F3l
µlν + F4l
µsν + F5s
µlν) , (1)
with Fi ≡ Fi(l, s). By the Bose symmetry Fi(l, s) = Fi(s, l) for i = 1, 4, 5 and
F2(l, s) = F3(s, l). Because of the non-Abelian origin of the electromagnetic U(1)
group, gauge invariance requires only [2] that lνAµνǫ∗µ(s) = 0 and sµAµνǫ∗ν(l) = 0 for
(l + s)2 ≡ q2 = M2h . Thus, because k ·ǫ∗(k) = 0, the formactor F5 is unconstrained
by gauge invariance while the remaining ones must satisfy
F1 + s
2F2 + (l·s)F4 = 0 for 2(l·s) = M2h − s2 , l2 = 0 ,
F1 + l
2F3 + (l·s)F4 = 0 for 2(l·s) =M2h − l2 , s2 = 0 .
On shell, i.e. for l2 = s2 = 0, one must of course have F1 = −(l ·s)F4 and the
amplitude reduces to the standard form
M = e
2
16π2
F1
(l·s) [(l·s)g
µν − lµsν ]ǫ∗µ(s)ǫ∗ν(l) , (2)
but contrary to the naive expectation the formfactors F2, F3 and F5 do not vanish
even on-shell.3
3Off-shell the formfactors F2, F3 and F5 do not vanish even in an Abelian theory (e.g. if the
neutral particle h0 couples to photons only by loops of a spin zero charged particle) in which gauge
invariance imposes a stronger constraint lνAµν = sµAµν = 0 for arbitrary l and s, because for
off-shell photons there are two gauge invariant structures: [(l·s)gµν − lµsν ]F1/(l·s) and [s2l2sν lµ−
l2(l·s)sµsν − s2(l·s)lµlν +(l·s)2sµlν ]F5/(l·s)2. On-shell one then has F2 = F3 = 0 but still F5 6= 0.
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As will become clear, the relation F1 + (l·s)F4 = 0 is satisfied only if the “kine-
matical” mass squared (M2h)kin ≡ (l + s)2 = 2(l ·s) is related to a trilinear coupling
of h0 to the would-be Nambu-Goldstone bosons. Therefore using in the MSSM
calculation (Mh)kin = 125 GeV (that is, implicitly including in Mh higher loop cor-
rections, as is necessary in the MSSM to overcome the tree level bound M2h ≤ M2Z)
potentially leads to violation of gauge invariance. We will argue however, that a
gauge invariant result can be obtained if one derives both the Higgs boson mass and
the trilinear couplings from the same effective potential (which includes the most
important corrections to the Higgs boson mass).
We consider a general set of real scalar fields φi with a potential V (φ). On
the scalar fields the SU(2)L × U(1)Y symmetry of the electroweak interactions is
realized through the purely imaginary, antisymmetric generators T± ≡ T 1 ± iT 2,
T 0 ≡ T 3 − Y and Q ≡ T 3 + Y of which the first three are broken by the VEV
〈φi〉 = vi (that is, T 0±v 6= 0 while Qv = 0). The matrix M2ij ≡ V (2)ij
∣∣∣
v
(we use the
notation V
(n)
ij... ≡ ∂nV/∂φi∂φj . . .) of the masses squared of the spin zero fields has
therefore three zero eigenvalues with the zero eigenvectors ui(0) ∝ T 0ijvj and
ui(±) = N(±)T
±
ij vj , N(+) = −N(−) =
1√
v T−T+v
=
1√
v T+T−v
.
where the normalization factors are such that the eigenvectors ui(±) are orthonormal:
(ui(±))
∗ui(±) = u
i
(∓)u
i
(±) = 1 (the signs are chosen in agreement with the usual SM
convention). Since the mass squared of the W± bosons is given by
M2W =
1
4
g22 v(T
−T+ + T+T−)v =
1
2
g22
(
v T+T−v
)
≡ 1
4
g22v
2
H , (3)
(where vH = 246 GeV) one has
ui(±) = ±
g2√
2MW
T±ij vj . (4)
Furthermore, we assume that M2ij has, among others, an eigenvector ui(h) corre-
sponding to a neutral spin zero particle h0 of mass Mh: M2ijuj(h) = M2hui(h), so
that
φi = u
i
(+)G
+ + ui(−)G
− + ui(h)h
0 + . . . , (5)
where G± are the would-be Nambu-Goldstone boson fields and the ellipses stand for
other terms, irrelevant for our analysis.
Differentiating twice the usual symmetry condition V
(1)
i (φ)T
±
ij φj = 0 satisfied by
the potential and contracting the result from the right with T∓v one gets, setting
φi = vi, the relation:
V
(3)
lki T
±
ij vj T
∓
kmvm + V
(2)
ki T
±
il T
∓
kmvm + V
(2)
li T
±
ikT
∓
kmvm = 0 .
2
The second term vanishes (T∓kmvm is the zero eigenvector of the masses squared
matrix V
(2)
ij ) and the remaining two projected onto the direction of the eigenvector
ui(h) give the crucial relation
κ =
g22
2M2W
uj(h)M2ji(T±T∓)ikvk =
g22
2M2W
M2h (u(h)T
±T∓v) , (6)
between the mass Mh and the trilinear coupling κ defined by
L = −κh0G+G− + . . . ≡ −V (3)lki ul(+)uk(−)ui(h) h0G+G− + . . . (7)
(from (6) it follows that u(h)T
+T−v = u(h)T−T+v). Within the same setting it is
also easy to get the following terms of the Lagrangian relevant for calculating the
h0 → γγ amplitude
L = − ig
2
2
2MW
(u(h)T
+T−v)
(
W+µ (G
−↔∂µh
0)−W−µ (G+
↔
∂µh
0)
)
+eMWAµ(W
+
µ G
− +W−µ G
+)
− eg
2
2
2MW
(u(h)T
+T−v)Aµ(W+µ G
− +W−µ G
+)h0
+g22 (u(h)T
+T−v)W+µ W
−
µ h
0
+
1
2
ξg22 (u(h)T
+T−v) (η¯+η+ + η¯−η−)h
0 , (8)
where ξ is the gauge parameter and η±, η¯± are the relevant ghost fields.
The one-loop Feynman diagrams in the ’t Hooft gauge ξ = 1 contributing to the
h0 → γγ amplitude can be easily expressed in terms of the C0 and Cij three-point
functions defined in [4]. In turn, the Cij functions can, for l
2 = s2 = 0, and all
masses circulating in loops equal to MW , be reduced to the scalar C0 function and
the two-point functions b0(0,M1,M2) or b0(q
2,M1,M2). In the formfactors F1, F2,
F3 and F4 all b0 functions cancel out and for F4 and F1 one obtains the following
results4
F4 = g
2
2 (u(h)T
+T−v)
1
l·s
{
M2h
M2W
(
1− 2M2WC0
)
+ 6− 12M2WC0 + 16(l·s)C0
}
, (9)
F1 = g
2
2 (u(h)T
+T−v)
{
−M
2
h
M2W
(
1−M2WC0
)
− 6 + 12M2WC0 − 14(l·s)C0
}
, (10)
Only if the “kinematical” mass squared 2(l·s) equals the parameter M2h arising from
the coupling (6) is the relation F1 = −(l·s)F4 imposed by gauge invariance satisfied.
In this case one gets
F4 =
1
l·s
[
2
vH
(u(h)T
+T−v)
]{
M2h
vH
(
2 + 12M2WC0
)
+
M2W
vH
(
12− 24M2WC0
)}
, (11)
4We have explicitly checked that indeed, F2 = F3 6= 0 and F5 6= 0.
3
which, for the Higgs sector of the SM, for which the expression in the first bracket
equals 1, after taking into account that
1
2
M2h C0 = f(τ) =
{
arcsin2(1/
√
τ ) for τ ≥ 1
−1
4
(
ln 1+
√
1−τ
1−√1−τ − iπ
)2
for τ < 1
(12)
where τ = 4M2W/M
2
h , gives the well known result [3, 5]:
M = − e
2
8π2vH
[2 + 3τ + 3τ(2− τ)f(τ)] [(l·s)gµν − lµsν ]ǫ∗µ(s)ǫ∗ν(l) . (13)
In the general case the contribution of the gauge bosons to the h0 → γγ amplitude
is obtained with the help of the replacement
1
vH
→ g
2
2
2M2W
(u(h)T
+T−v) . (14)
Performing symbolic calculations with the help of the package FEYNCALC [6] we
have verified that one gets the same result (13) for arbitrary value of the gauge fixing
parameter ξ provided (M2h)kin = 2(l·s) = M2h .
In models like the Standard Model or its various nonsupersymmetric two Higgs
doublet extensions, in which the mass Mh can be taken for a free adjustable param-
eter, gauge invariance requirements are obviously satisfied. However, in the MSSM,
if the amplitude is computed using the standard Feynman rules (derived from the
fundamental Lagrangian) one cannot freely set 2(l·s) = (125 GeV)2 in (9) and (10)
because the parameter M2h arising from the trilinear h
0G+G− coupling is bounded
by M2Z . Fortunately the way we have derived the amplitude shows that the gauge
invariance is ensured if the necessary coupling κ in (7) and the Higgs mass are com-
puted from the one-loop effective potential satisfying the same symmetry condition
as the one we have used to derive the relation (6). Renormalizability of the potential
used is not necessary for finitness of the amplitude. Moreover, owing to the fact that
the one-loop h0 → γγ amplitude is the same for all values of the gauge parameter
ξ, the vertex factor κ can safely be taken from the full one-loop effective potential
including also contributions of gauge bosons sector which is most easily computed
in the Landau gauge.
The whole point of this note was to lend some justification to the usual practice
of computing the decay rate of the supersymmetric lightest neutral CP-even Higgs
boson into two photons by taking for the gauge/Higgs sector contribution the SM
model result (13) modified by cosine of the Higgs neutral Higgs boson mixing an-
gle. Since the effective potential of the MSSM is able to incorporate the dominant
contributions allowing to lift the mass of the lightest neutral CP-even Higg boson
h0 to 125 GeV (see e.g. [7]), this solves the problem of a consistent calculation of
the h0 → γγ amplitude. In this approach the factor (u(h)T+T−v) equals obviously
1
2
vH cosα where α is the mixing angle diagonalizing the h
0 and H0 mass squared
matrix derived from the effective potential.
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